Given an open subset U of a projective curve Y and a smooth family f : V → U of curves, with semi-stable reduction over Y , we show that for a sub variation V of Hodge structures of R 1 f * C V with rank(V) > 2 the Arakelov inequality must be strict. For families of n-folds we prove a similar result under the assumption that the (n, 0) component of the Higgs bundle of V defines a birational map.
Introduction
Let Y be a projective curve, X a projective manifold of dimension n + 1, both defined over C, and let f : X → Y be a surjective morphism. Assume that the general fibre F of f is an irreducible manifold of non-negative Kodaira dimension. Let S be the finite subset of Y such that the induced morphism
is smooth. We will always assume that the family is semi-stable, hence that f −1 (S) is a reduced normal crossing divisor, or the slightly weaker condition, that the local monodromies of the variation of Hodge structures R n f * C V in s ∈ S are unipotent.
For f a non-isotrivial family of curves over Y = P 1 of genus g, it is shown in [Beauville 81] , that #S ≥ 4 and that #S = 4 implies that the irregularity of the total space X is zero. By [Tan 95 ] (see also [Nguyen 95 ]), for g ≥ 2, one has #S ≥ 5. This remarkable result follows from Beauville's observation and from Tan's strict Arakelov inequality
Although the bound #S ≥ 5 is optimal, we will show in this note, that the inequality (1) can be strengthened, and that under certain assumptions it extends to the case n > 1.
To formulate the precise results we use the direct sum decomposition obtained in [Kollár 87] f * ω X/Y = A ⊕ B,
with A ample and B flat for the Gauß-Manin connection. Remark that for Y = P 1 the bundle B has to be the direct sum of copies of O P 1 , and for n = 1 Beauville's condition p g (X) = 0 implies that B = 0.
This work has been supported by the "DFG-Schwerpunktprogramm Globale Methoden in der Komplexen Geometrie", and by the DFG-Leibniz program.
In [V-Z 03] we studied for n ≥ 1 generalized Arakelov inequalities, assuming that A = 0. This condition implies that the variation of Hodge structures R n f * C V is non trivial, and that the family is non-isotrivial. As recalled in 1.1, a), one has
Theorem 1. Keeping the notations introduced above, let f : X → Y be a semi-stable non-isotrivial family of n-folds. Assume that either a. f * A → ω X/Y defines a birational Y -morphism η : X → P(A), b. or that n = 1 and rank(A) ≥ 2.
The assumption rank(A) ≥ 2 is really necessary. By [Möller 05 ] there exists a family of curves of genus 3, with A invertible of degree
Y (log S)). We hope that the condition "generically finite" will be sufficient, but we were unable to prove Theorem 1, a), under this assumption.
For families of curves, we have shown in [V-Z 04] that the equality
implies that U is a Shimura curve, with the non constant part of the family of Jacobians as universal family.
Corollary 2 ( [Möller 05 ] for S = ∅ or for A a direct sum of line bundles).
The moduli space M g of non-singular curves of genus g does not contain a compact Shimura curve, and for g = 3 it does not contain any Shimura curve at all.
In fact, if f : X → Y is a Shimura curve, the moving part A of the variation of Hodge structures satisfies the equality (2), hence by Theorem 1, b), rank(A) = 1. By Addendum 8, due to Möller, this implies that S = ∅ and that U is a Teichmüller curve. Finally by [Möller 05 ] Shimura-Teichmüller curve only exists for g = 3.
Let us emphasize that this is a nice answer to the wrong question. For g sufficiently large, there should not exist Shimura curves in the closure of M g in A g , but the methods presented here do not allow any result in this direction.
In Theorem 1 one does not need that the complement of A is flat. Recall the definition and some properties of the Griffiths-Yukawa coupling. Let V be a variation of weight n Hodge structures on U, with unipotent monodromies in all points s ∈ S. Let
be the logarithmic Higgs bundle, hence the graded sheaf given by the Ffiltration on the Deligne extension of V ⊗ C O U to Y . Here the Higgs field is given by τ p,q :
, and iterating one obtains maps
is an isomorphism. iv. The Higgs field is strictly maximal, if F 0,n = 0 and if all the τ p,q are all isomorphisms.
In Section 1 we will show:
Lemma 4. Assume that V is a non-trivial variation of polarized complex Hodge structures of weight n with unipotent local monodromy in all s ∈ S, and with logarithmic Higgs bundle (
and (3) If #S is even, [V-Z 03, 3.4] gives a more precise description of V 1 . Choose a logarithmic theta characteristic, i.e. an invertible sheaf L with L 2 = Ω 1 Y (log S), and write L for the local system with Higgs bundle L ⊕ L −1 and Higgs field
. L is unique up to the tensor product with a unitary rank one local system, induced by a two-division point of Pic 0 (Y ). 
Definition 6. Let f : V → Y be a family of n-dimensional manifolds. Let V be a C sub variation of Hodge structures of R n f * C V with Higgs bundle (F, τ ). Then we will say that the (n, 0) component of V is isotrivial, if the evaluation map
induces a Y -map X → P(F 0,n ) with a birationally isotrivial image.
The decomposition f * ω X/Y = A ⊕ B considered above corresponds to a decomposition R n f * C V = W ⊕ U where U is unitary, and where the (n, 0) part of the Higgs bundle of W is A. So Theorem 1 is a special case of the following one. In fact M. Möller has shown in [Möller 04 ] that a family of curves is a Teichmüller curve (see [McMullen 03] ) if its variation of Hodge structures contains a rank two sub variation V with a strictly maximal Higgs field. As a corollary one finds that there is no other sub variation V with a strictly maximal Higgs field, and that S = ∅. As we will see, part ii) of Theorem 7 will follow from part i) and from the Addendum 8.
Let us return to families of varieties over P 1 . It is easy to construct a family of elliptic curves E → P 1 with three multiple fibres, two of which are semistable, and the third one has semi-stable reduction over a covering of degree two. In fact, one just has to take a two-fold covering of P 1 × P 1 , ramified over
Then the monodromy of Z = E × P 1 E → P 1 is unipotent, Dividing by the involution one obtains a family of K3 surfaces f : X → P 1 with 3 singular fibres and with unipotent local monodromies. The family is non-isotrivial, hence the (2, 0) component of its Higgs bundle has positive degree. The inequality (3) implies that it is O P 1 (1), and the Griffiths-Yukawa-coupling has to be maximal (see Example 7 .5] for similar calculations). With a little bit of work, one can presumably show that this family has a birational model with 3 singular semi-stable fibres. In odd dimensions similar examples can not exist.
Proposition 9. Let f : X → P 1 be a non isotrivial family of n-dimensional varieties with general fibre F . Assume that the local monodromies in s ∈ S are uni-potent and that n is odd. If R n f * C V contains a non trivial local subsystem with a maximal Griffiths-Yukawa coupling, #S is even, hence #S ≥ 4.
For n ≥ 3 and odd, Proposition 9 does not allow to improve the known bound #S ≥ 3 for the number of singular fibres. Contrary to the case of curves (or surfaces), the existence of a family with 4 (or 3) singular fibres does not imply the maximality of the Griffiths-Yukawa coupling.
Martin Möller introduced us to the theory of Teichmüller curves. His article [Möller 04] , and his examples of special Teichmüller curves in [Möller 05 ] were of high interest for our understanding of sub systems with a maximal GriffithsYukawa coupling, and part ii) of Theorem 7 is a consequence of [Möller 04] . Although this aspect does not appear in the article, its starting point was a try to understand the relation between geodesic curves in moduli spaces for different natural metrics in M g and A g , in particular a long discussion with Shing-Tung Yau. We would like to thank both of them for their interest and help.
This note grew out of discussions started when the first named author visited the Institute of Mathematical Science and the Department of Mathematics at the Chinese University of Hong Kong. The final steps were done when he visited the IAS, Princeton. He would like to thank the members of both Institutes for their hospitality.
Arakelov inequalities
Let us recall the Arakelov inequalities shown in Section 2 of [V-Z 03] . Let Y be a projective curve, S a finite set of points, and let
be the Higgs field corresponding to the Deligne extension of a polarized complex variation of Hodge structures V of weight n on Y \ S with unipotent local monodromies around the points in S. We write
Then one has a decomposition of polarized variations of Hodge structures V = W⊕W
′ , and subsheaves
and the Higgs field θ is strictly maximal.
Proof. a) and b) are special cases of [V-Z 03, Proposition 2.1]. For c) consider the Higgs sub bundles E = p+q=n E p,q of F with
Assume the equation in c) holds. Let K n−ℓ,ℓ be the kernel of
and adding up one finds by assumption
E is a Higgs sub bundle of F , hence deg(E) ≤ 0, and all those inequalities are equalities. For the last one this implies that rank(E n,0 ) = rank(E n−k,k ), for all k and
must be an isomorphism. Moreover deg(E) = 0 implies that E is a direct factor of (F, τ ), and that it is the Higgs field of a sub local system W of V. Then W is a polarizable C-variation of Hodge structures and by [Deligne 87 ]
Proof of Lemma 4 and Addendum 5. Applying 1.1, c), to E n,0 = F n,0 one sees that equality in (3) implies the maximality of the Griffiths-Yukawa coupling and the existence of the decomposition
On the other hand, if the Griffiths-Yukawa coupling is maximal one has [V-Z 03, 3.4] .
Proof of Proposition 9. By assumption R n f * C V contains a sub variation of Hodge structures V with a maximal Griffiths-Yukawa coupling, and 1.1, c), allows to assume that the Higgs field of V is strictly maximal. Let ( F p,n−p , τ ) be the Higgs bundle of V. One can write
If #S is odd, consider a twofold covering ϕ : Y ′ = P 1 → P 1 ramified in exactly two points in S. Write S ′ = τ −1 (S) and f ′ : X ′ → Y ′ for the pullback family. The pullback V ′ of V is a sub variation of Hodge structures of R n f ′ * C V ′ , with Higgs field
Obviously the Higgs field τ ′ is still maximal, and the Addendum 5 implies that V 1 = S n (L) ⊗ T, for a rank two variation of Hodge structures L and for a unitary bundle T in bidegree (0, 0). If #S is even, the same holds true on P 1 itself.
In both cases one obtains ν 1 = ν 2 = · · · = ν r = ν and the Arakelov equality reads
So the right hand side must be an integer, and for n odd #S must be even.
The multiplication map
In order to prove Theorem 7 we have to exclude the existence of certain families f : X → Y of n-folds whose variation of Hodge structures R n f * C V contains a sub variation of complex polarized Hodge structures V, with unipotent local monodromies, and with a strictly maximal Higgs field. Again
denotes the Higgs field of V. 
For both Propositions we start with the same construction. SinceV also has a strictly maximal Higgs field, we may enlarge V and assume that it is invariant under complex conjugation.
By assumption rank(F n,0 ) = ℓ ≥ 2, hence τ n,0 = 0 and Proposition 1.1 implies that 2 · g(Y ) − 2 + #S > 0. Then there exist coverings ϕ : Y ′ → Y , etale over U, of arbitrarily high degree. In particular, dropping the upper index ′ we may replace U by anétale covering, assume that #S is even, and choose a logarithmic theta characteristic L, i.e. an invertible sheaf with L 2 = Ω 1 Y (log S). The Addendum 5 implies that V is of the form S n (L) ⊗ T, and since L is invariant under complex conjugation, the same holds true for T. So the Higgs field of V is of the form 
induces a rational map ̺ : X → P(T ) over Y . Choose a blowing up δ : Z → X such that ̺ • δ is a morphism, and consider the diagram
We write W for the image of σ,
and the multiplication map is given by
will denote the image of m ν . For ν sufficiently large one has
is independent of y ∈ Y up to the choice of coordinates in P ℓ−1 .
Proof. The locally free sheaf T , as well as its symmetric products are polystable of degree 0. Let K ν be the kernel of m ν . If deg(T ν ) = 0 one obtains a decomposition S ν (T ) = K ν ⊕ T ν with K ν poly-stable of degree 0, hence flat and unitary. As in [Kollár 87, p. 396] this implies the isotriviality of W . To see that all fibres of π ′ are really isomorphic, we argue in a similar way, along the line of the proof of [V 95, Theorem 4.33 or 4.34] .
Consider the projective bundle η : Π = P(T ∨ ⊕ℓ ) → Y . As in [V 95 
one considers the splitting
to the Grassmann variety Gr parameterizing ℓ ν dimensional quotient bundles. An ample invertible sheaf on Gr is given by the determinant of the universal quotient bundle, hence
) is the pullback of an ample sheaf on Gr. Since
Claim 2.4. The image Ψ(η −1 0 (y)) is independent of y. Proof. Otherwise for some α > 0, divisible by ℓ there is a section of L α ν which vanishes identically on Ψ(η
0 (y)) has a non zero section. For some ι sufficiently large this section lies in
Since T is poly-stable of degree zero and deg(T ν ) = 0 there are no such sections.
To finish the proof of Claim 2.3 consider two points y and y ′ in Y . By 2.4
hence choosing suitable coordinates, the defining equations for π −1 (y) ⊂ P ℓ−1 and π −1 (y ′ ) ⊂ P ℓ−1 are the same.
Let B ν be the first sheaf in the Harder-Narasimhan filtration of
Claim 2.5. If µ(B ν ) > 0, then (replacing again Y by some covering,étale over U) for some µ ≫ 1 and for a general point y ∈ Y there exists a section of
Proof. Replacing Y by a covering, we may assume that d = µ(B ν ) > ν. Then the image of B ν under the multiplication map
. has slope larger than or equal to µ · d, hence the same holds true for B µ·ν . The Riemann-Roch Theorem for locally free sheaves on curves implies that
Obviously this is larger than one for µ ≫ 1.
Proof of Proposition 2.1. By assumption W → Y is not birationally isotrivial, hence Claim 2.3 implies that deg(T ν ) > 0 for some ν > 0. Obviously this implies that deg(B ν ) > 0 and by Claim 2.5
has a non-trivial section. Since L 2 = ω S (Y ) one obtains the condition ( * ).
Proof of Proposition 2.2. As above we may assume that #S is even and write Assume first, that the genus of the fibres ofπ is larger than or equal to 1. As well known (see [V 81 ], for example), there exists anétale finite covering
′ and F × Y ′ are both minimal and of non negative Kodaira dimension, hence they are isomorphic.
Replacing Y by Y ′ we may assume thatW = F ×Y . The image F ′ of F ×{y} in P ℓ−1 = π −1 (y) is independent of y ∈ Y , up to the action of PGl(ℓ, C). Since the automorphism group of F ′ is finite, this implies that P(T ) = P ℓ−1 × Y , and T is the direct sum of line bundles of degree zero.
It remains to consider the case thatπ :W → Y is a P 1 bundle, say P(E) for some locally free sheaf E. The invertible sheaf OW (ν) has to be of the form O P (E)(r) ⊗ π ′ * N where O P (1) is the tautological bundle and N an invertible sheaf. Replacing Y by someétale covering, we may assume that N is the r-th power of some invertible sheaf, and changing E we can as well assume that N = O Y . Then we have inclusions
The sheaf T ν is a quotient of the poly-stable sheaf S ν (T ) of degree zero, hence poly-stable.
If the first step of the Harder-Narasimhan filtration B ν of the right hand side has a positive slope, Claim 2.5 implies the condition ( * ).
Otherwise µ(B ν ) = 0. If E is not semi-stable, its Harder-Narasimhan filtration is of the form 0
, and deg(B ν ) = 0 implies that 0 ≥ deg(M 1 ). Then the largest semi-stable subsheaf of S r·ν (E) of degree zero is either zero or M r·ν 1 , a contradiction.
Recall that the maximality of the Higgs field gives rise to a non trivial map
It factors through
and since T 2 is poly-stable of degree zero, the composite must split. So T 2 has a non trivial section. The inclusions in (2.1), for ν = 2, shows that S 2·r (E) has a section, which splits locally. Hence O P(E) (2 · r) has a section whose zero divisor D does not contain a fibre. If D decomposes as
and one has an exact sequence
The right hand side is isomorphic to O Y , and the left hand side to 
This is only possible if the semi-stable sheaf E is an extension
of invertible sheaves of degree zero. Then the graded sheaf for the JordanHölder filtration of S r (E) is the direct sum of invertible sheaves of degree zero. This property is inherited by any semi-stable subsheaf of degree zero, in particular using (2.1) for ν = 1, by T . Since T is poly-stable, it must be a direct sum of invertible subsheaves of degree zero. It remains to show, that over someétale covering of Y , the direct factors become isomorphic.
Claim 2.6. If T is the direct sum of invertible sheaves, then there exists ań etale covering ϕ :
Proof. By Lemma 3.2] one can assume that V and the decomposition R 1 f * C V = V ⊕ W are defined over some number field. Recall that L = L ∨ and T = T ∨ , hence one has isomorphisms of variations of Hodge structures
As in the proof of Lemma 3.7] , the Lemma 3.5 in [V-Z 03] implies that the decomposition V = L ⊗ T is defined over some Galois extension K of Q with Galois group G. Using Lemma 3 .2] again, we may also assume that the decomposition of T in rank one local subsystems is defined over the same field K.
Since T K is the direct sum of rank 1 local sub systems End(T K ) has the same property, as well as End(T K ) γ for γ ∈ G. Consider the Weil restriction
Since M Q ⊗ K is the direct sum of rank one local systems, M Q is unitary.
Since it has a Z-structure, Lemma 4.3] implies that it trivializes over a finiteétale covering ϕ : 
The proof of Theorem 7
In order to show that the condition ( * ) in Proposition 2.1 leads to contradictions we may replace Y ′ by Y . We will use methods from [V-Z 01] which allow to control the Kodaira-Spencer maps of the families. In particular we will have to recall the main covering construction from [V-Z 01, Section 3]. 
We will write π = ϕ ′ • δ. Let M be an invertible sheaf on Y ′ , and let σ be a section
We assume that: i. τ : W → Z is the finite covering obtained by taking the ν-th root out of σ (see [E-V 92] , for example). ii. g and h are both smooth over
Moreover g is semi-stable and the local monodromies of
Proof. If not choose s to be the corresponding section of
and perform the construction described in Example 3.3. One obtains the diagram in 3.1. Using the notations introduced there, the sheaf
In fact, X ′ → Y ′ is a semi-stable family of n-folds over a curve, hence X ′ has at most rational double points. Then
Claim 3.5. Let (H, θ| H ) be the Higgs subfield of ( 
On the other hand, the pullback of the exact sequence (3.3) is a subsequence of (3.2). Then H is obtained as the pullback of H 0 to Y ′ .
The Claim 3.5 implies that the degree of H is a positive multiple of n + 1 + (n + 1) · n − 2 · n q=0 q · deg(L) = n + 1, hence positive. Since H is a sub Higgs bundle of a Higgs bundle induced by a local system with unipotent monodromy, this contradicts Simpson's correspondence in [Simpson 90 ].
Proof of Theorem 7. Assume that there exists a complex polarized sub variation of Hodge structures, with a maximal Griffiths-Yukawa coupling, satisfying the condition i) or ii) of Theorem 7. Lemma 4 allows to choose such a V with a maximal Higgs field. Writing (F, τ ) for the Higgs bundle of V, the assumption that F n,0 is non isotrivial implies by Proposition 2.1 that the condition ( * ) holds true over someétale covering of Y .
On the other hand, Proposition 3.4 says that there can not exist any family with a non-trivial section of the sheaf
hence no family satisfying the condition ( * ). This proves part i) of Theorem 7, and together with Proposition 2.2 it implies that for n = 1 and rank(F 1,0 ) > 1 the sheaf T trivializes over someétale covering of Y .
In particular, replacing Y by this covering, R 1 f * C V contains a rank two sub variation of Hodge structures V with a maximal Higgs field. As recalled in Addendum 8, by [Möller 04, Theorem 2.12] this forces U to be a Teichmüller curve. For those [Möller 04, Lemma 3 .1] excludes the existence of a second local subsystem V ′ = V in R 1 f * C V with a maximal Higgs field, contradicting the assumption rank(F 1,0 ) > 1.
